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Strichartz Inequalities for Lipschitz Metrics on Manifolds and 
Nonlinear Schrodinger Equation on Domains 

Ramona Anton 


Abstract 

We prove wellposedness of the Cauchy problem for the nonlinear Schrodinger equation 
for any defocusing power nonlinearity on a domain of the plane with Dirichlet bound¬ 
ary conditions. The main argument is based on a generalized Strichartz inequality on 
manifolds with Lipschitz metric. 


1 Introduction 


Let n be a compact regular domain of where d = 2,3. The problem we are interested in 
is the Dirichlet problem for the semilinear Schrodinger equation 


idtu + Au = 


u 


b=o 


u 


\u\^u, on 
uq, on VL 

0 . 


X n 
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More precisely we are interested in proving global existence results in the energy space 
and this will be done for d = 2. 

This problem has been extensively study in the case of U = Note that the sign of 
the nonlinearity gives an a priori bound of the norm of the flow and thus allows to prove 
existence of weak solutions in (^(M, The existence of global strong solution is more 

difficult. One of the main ingredient to address this difficulty is the Strichartz inequality for 
the linear flow It can be seen as an improvement of the Sobolev imbedding ^ L*? 

and the price to pay is an average in time rather than a pointwise information. In the 
Strichartz inequality reads as follows : for (p, q) an admissible pair in dimension d and uq G 

l|c**^'“o|lLP(R,L9(Kd)) < c||uo||l2. 


Let us recall the definition of an admissible pair. 


Definition 1. A pair {p,q) is called admissible in dimension d if p > 2, 
and 


2 d _ d 

p q 2' 


7 ^ ( 2 , 00 , 2 ) 
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In 1977 Strichartz m proves the particular case p = q, 




4 


< c||uo|| 


L2- 


This was generalized by Ginibre and Velo |12j in 1985 for L^L% norm with p and q that 
satisfy the admissibility condition with p > 2 and by Keel and Tao m in 1998 for the 
endpoint p = 2 and q = Extension to non homogeneous equation is due to Yajima m 
in 1987 and Cazenave and Weissler m in 1988 : for {pi,qi) and {p 2 ,q 2 ) admissible pairs and 
/ £ LP2Qo, T], L'^2the solution of the non homogeneous equation 


idtu + Art = /, = uq 

belongs to C{[0,T], L'^) n ([0, T], L*?! and satisfies to 

lkllLPi([0,r],LU(R'i)) < c|l/II^P^([o^;r],L«2(Rd))- 

A contraction mapping argument and those Strichartz inequalities imply the global existence 
Theorem. ([27]. |10|1 For d >2 and I < (5 < there exists a unique solution 

for each {p, q) admissible pair in dimension d, of the equation 

( idtuAu = \u\^u, 

\ = UQ. 

For n 7^ much less is known. In the case of the tori T'^, d = 2,3, Bourgain [2] proved 
global existence result using less stringent dispersive estimates. In the case of a boundaryless 
compact manifold Burq, Gerard and Tzvetkov jS] proved Strichartz inequalities with loss of 
derivatives and showed that those losses are in some specihc geometries unavoidable. 

In the case of domains of and for cubic equations previous results were proved by 
Brezis and Gallouet in 1980 and Vladimirov [2ni in 1984. 

Theorem. (a, Eg ) For Uq e there exists a unique solution u £ C{R, Hq{Q)) of 

the cubic nonlinear equation 

idfU + An = |n|^n, on M x 11, n|^^Q = no, on H. 

Moreover, if uo £ 77g(n) n 77^(11) then 

u £ c{R,H^{n) n H\n)) n c\r, L^{n)). 


The main ingredients of the proof are the following logarithmic inequalities. 

(B.-G.) Inllioo < ClInljT-i ^1 + log ^2 + • 

(V.) Vp < oo, ||n||LP < c^\\u\\hi. 
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The methods used in this proof do not give us informations about nonlinearities stronger 
than cubic. Note that even in this cubic case, the proof did not yield the Lipschitz continuity 
on the energy space, which is a consequence of Strichartz estimate in the case of 0 = 

In this article we prove a generalized Strichartz inequality for the Schrodinger flow 
where A is the Laplace operator on domains of M'^, d = 2,3. Let us introduce the following 
notation : for every s G [0,1], we denote by the domain of the operator {—Ad)^ 

in L^(n), where is the Dirichlet Laplacian. We refer to section |21 for more details. We 
translate the problem on the domain into a problem on a boundaryless Riemannian manifold 
by doing a mirror reflection of the domain and identifying the points on the boundary. We 
make also an even reflection of the coefficients of the metric over the boundary in normal 
coordinates. Thus we obtain a metric with Lipschitz coefficients. 

We combine ideas from j2j (see also [24| 1 on regularizing the metric with a semiclassical 
analysis of the flow like in and obtain the following Strichartz inequality (with loss of 
derivatives) in a general context: M is a compact (or flat outside a compact set) Riemannian 
manifold of dimension d = 2,3, endowed with a Lipschitz metric G. 

Theorem 1.1. Let I be a finite time interval, [p, q) an admissible pair in dimension d = 2,3. 
Let e > 0 be an arbitrarily small constant. Then there exists a constant c{p, I) > 0 such that, 
—+e 

for all Vo G H^p (M), the following holds 

\\e"^^°Vo\\LP{I,L<i(M)) < c(p,/)||uo||^|.+,. (2) 

For a compact perturbation of the Laplacian with nontrapping condition, G.Staffilani 
and D.Tataru [22j proved Strichartz inequalities without loss of derivatives. In ID with BV 
metric similar results were obtain by V.Banica [3j, D.Salort m and N.Burq and F.Planchon 
[Zj. C.Carlos and E.Zuazua jH] proved that Strichartz estimates (even with loss of derivatives) 
fail for metrics only (7^’“ with 0 < a < 1. Our result shows a Strichartz inequality with loss 
of derivatives for metric. 

Applying Theorem ll.ll for M the reflection of 11 and for G the reflected metric, we deduce 
the following theorem. 

Theorem 1.2. Let {p,q) be an admissible pair in dimension d = 2 or 3 and I a finite time 
interval. Then there exists a constant c{p, I) > 
f gl^{I, 

II fo < 


+e. 


0 such that for any uq G (Q) and 


c(p,L)\\uo\\ 3 , ^ , 

c(p,/)||/|| 3 , ^ , 


( 3 ) 


for some e > 0 arbitrarily small. 

This inequality gives us a gain of ^ — e derivatives with respect to the Sobolev imbedding. 
Compared with the Strichartz inequality obtained in the case of boundaryless Riemannian 
compact manifolds in we have a supplementary loss of ^ + e. 
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One could ask about the optimality of those estimates. An usual way of checking optimal¬ 
ity is testing the estimates for solutions of the Schrodinger flow with initial data eigenfunctions 
of the Laplacian. This yields some estimates for the eigenfunctions and we look 

for the optimality of those ones. We refer to some recent work of H.Smith and C.Sogge m 
where they prove —> L'^ estimates for spectral clusters on regular compact domains of 

d > 2. Compared to those estimates, the Strichartz estimate we obtain is not optimal. 
Nevertheless, it has the advantage of being true for all solutions of the linear Schrodinger 
equation, not only those with initial data an eigenfunction. And it allows us to prove local 
and global existence results for the solutions of o in dimension d = 2. 

In the proofs of local and global existence we use the LP{L°°) estimate of the flow in order 
to control the nonlinear term. We deduce it in dimension d = 2 by combining estimates m 
and Sobolev imbeddings. 

Corollary 1.3. Let 2 < p < oo and d = 2. For any uq € and f G (I, we 

have the followings inequalities 

l|e**^^^o||LP(/,L-(n)) < c{p,I)\\uo\\HHn), 

II/q < c(p,I)||/||ii(j_^^i(Q)). 

Under this form we have a gain of e > 0 with respect to Sobolev imbeddings (as C 

for all 2 < g < oo) by taking the average in time. However this small gain is sufficient in 
H C R^ for proving the following global existence result 

Theorem 1.4. Let (3 G 2N, (3 > 2 and d = 2. For all uq G Hq{Q) there exists an unique 
solution 

u G c{R,H^in))nLfjR,L^{n)) 

(for every p > (3) of equation 0). Moreover, for some T > 0, the flow uq u is Lipschitz 
from B bounded subset of Hq{LI) to C([—T, T], Hg (H)). 

Remark. The results presented in this introduction also hold for the Schrodinger equation 
with Neumann boundary conditions. We shall state along the article the changes that must 
he done for this. 

Remark. The Strichartz inequality also holds if Ll is the exterior of a regular bounded domain 
with compact boundary. We shall mention the changes that need to be made throughout the 
proof. 

This paper is organized as follows : in section |2l we show how we can deduce Theorem 
1 1.41 from Corollary II.31 In section |31 we present the reduction to a compact manifold endowed 
with a Lipschitz metric and how Theorem II .31 reads in this setting. Section 0] is devoted to 
the proof of the Strichartz estimate. 

2 Proof of the global existence theorem 

Assuming the Strichartz inequality ©, and therefore ©, we prove local existence theorem 
for equation dU) in dimension d = 2. We deduce then the global existence theorem via 
conservation laws. 
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Theorem 2.1. (local existence theorem) Let (3 £ 2N, (3 > 2. For every hounded subset 
B of Hq{Q) there exists T > 0 such that for all uq £ B there exists an unique solution 

u£C{[-T,T],H^{n))nLP{[-T,T],L°^m 

(for every p > (3) of equation Qj. Moreover, the flow uq ^ u is Lipschitz from B to 

Note that the Lipschitz regularity of the flow was not known even in the case of cubic 
nonlinearity. This provides us with supplementary information about the stability of the flow 
under small variations of the initial data. 

Proof. We denote by Xt = C{[—T,T],Hq{LI)) n LP{[—T,T],L°°{Q)). This is a complete 
Banach space for the following norm 

II'^IUt = max|t|<'r||u(t)||j^i + \\u\\lpi^[_t,t],l<^)- 

We use a contraction mapping argument to deduce the existence and uniqueness of the local 
solution. For a fix uq G and for u £ Xt let denote by <l>(u) the functional 

$(u)(t) = — if e*^*“’'^^|u(r)|^u(r)dr. 

Jo 

Using the conservation law of the flow we estimate the norm of <h(u) 

||^>N(t)bi < llnobi+/o^llW'r)|^n(r)||j^idr ^ 

< llnobi +cT^"^lkll?p(Loc)lkllL5?(Hi) < Ikoi/fi +cT^~p\\uf^J-. 

We have used the Holder inequality to bound the norm of product of functions by the 
product of pP and norms of functions as well as the following lemma (see e.g. 

Lemma. Let s > 0. Then there exists a constant c > 0 such that for all u,v £ n L°° we 
have: 

< c(||u||//s IIuIIloo + ||n||i,oo||u||j:fs). 

In order to bound the L'^{\—T,T],L°°{Ll)) norm of <h(u) we use the Strichartz type estimate 
of the linear flow in this norm by the Hq{LI) norm of the initial data (see estimate (ll.Hji L 

ll^(^i)llLp(L-) < l|e**^^io||Lp(L-) + II Jo e*(‘"'^)'^|n|^u(r)dr||iP(ioo) 

< c\\uo\\m 3-cf^ |||u|^u(r)||^^i(f^)dr 

< c||uo||//i TcT p||u||x,oo(^^i)||u||2p(ioo). 

Putting together those estimates we get ||$(u)||xj. < c(||uo||_ffi + II^IIxt^)- Using similar 
arguments we get, for u,v £ Xt, the following 

\\^{u){t) - ^{v){t)\\Hi < Jq |||u(T)|^u(r) - |u(r)|^u(r)||^^idr 

< c||u - v\\xt {\\u\\xt + II^IIxt) 
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and 


/3 

Xt 


ll^(«) - < c||« - v\\xt (ikl 


/3 

Xqp 


+ 


1-^ 

p. 


Let us recall that uq & B, a bounded subset of H^. Then there exists M > 0 such that for 
no G -B we have ||no||Hi < M. Choose B > 0 and T > 0 such that c(M + p< R. 

<3 P-/3 

For example let Rhe R = 2cM and T < cM ^ p . This ensures that maps B[0, R] Xt) 

into B{0, R] Xt)- We can take T even smaller and have 2cR^T^ p < 1 and thus <h is a 
contraction on B{0, R; Xt)- Then there exists n G B(0, R] Xt) a fixed point for $ which 
therefore is the solution of equation O- Let u,v € Xt be two solutions corresponding to two 
initial data no, vq- We can estimate their difference uniformly in time: for all t with |t| < T 


1-^ „ 

As we have chosen T > 0 and R > 0 such that 2cT p R^ < 1 we deduce the existence of 
a constant C > 0 such that ||n — v\\xj- < Clno — no||j:/i. As ||n — v\\t^hi < ||n — v\xj.-, we 
conclude on the Lipschitz property of the solution flow on bounded subsets of Hq- □ 

Note that this local existence theorem works for a focusing nonlinearity as well. 

It is classical that when we have a Strichartz inequality, propagation of regularity holds. 
We give the result and a brief sketch of the proof. 

Proposition 2.2. (propagation of regularity) Under same hypothesis as Theorem \2-l\. 
if moreover uq G then u G C{[—T,T],H‘^{Q) n Hq{Q)) (same T > 0 as in Theorem 

EH;. 

Proof. As no G H'^{Ul) n Hq{Q) C Hq{^}), we deduce from Theorem 12.11 the existence of a 
time Ti > 0 such that there is a unique solution n of o in Xti - The same proof works for 
no G H^{n) n H^{Q) and Yt = C{[-T,T], H^{n) n H^{n)) n LP{[-T,T],L°°{n)) with the 
norm 

||n||yj, = maxn|<'r||n(t)||j^2 + \\ u \\ lp (^[_ t , t ], l °°)- 

Using uniqueness and Yt C Xt, we deduce the existence of a time 0 < T 2 < Ti such that 
n G Yt 2 - For a T < T 2 , using the monotony of the norm ||n||xy as a function of T, we can 
establish the following inequality 

2 ^ Q 

^ C2(||no||iy2 + T p ||n||j^^^ II'^IIl“(//2)). 

1 -^ 

We take T = Tq > 0 such that C 2 Tg ^ ||n||xy^ < \- This insures that ||n||^^ (^^ 2 ) < 2c2||no||iy2. 
Note that Tq only depends on ||n||xT^ ■ Thus we can make a bootstrap argument and conclude 
that llnf^^ (j:^ 2 ) < 00 and thus u G Lti, for the same Ti as in Theorem 12.II □ 

The semilinear Schrodinger equation 0 has a Hamiltonian structure with gauge invari¬ 
ance and thus conservation laws hold for initial data. For uq G we deduce them by 
density. 
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Proposition 2.3. (conservation laws) The solution of a constructed in Theorem fO 
satisfies, for |t| <T, to 

f flu(t)l^dx = f juol^dx, 

I / + ^lu(t)ll^+^dx = f |VuoP + ^luol^-^^dx. 

As a consequence, we infer the following. 

Theorem 2.4. (global existence theorem) The solution constructed in Theorem mu ex¬ 
tends to a global solution 


u G C(M, H^in)) n LlfiR,L^{n)). 

The proof is classical and uses the control of the norm by the conservation laws, as 
well as a bootstrap argument. 

3 Reduction to a compact manifold endowed with a Lipschitz 
metric 

Let n be a regular domain of We present here the classical mirror reflection that allows 
us to pass from a manifold with boundary to a boundaryless manifold. This method consists 
in taking a copy of the domain and glue it to the initial one by identifying the points of the 
boundary. In order for this to be a manifold we have to choose the coordinates carefully. 
Thus, taking normal coordinates at the boundary is like straightening a neighborhood of the 
boundary into a cylinder dit x [0,1) and gluing the two cylinders along the boundary makes a 
nice smooth manifold. This can be properly done using for example tubular neighborhoods. 
We cite here two lemmas that can be found in EDI, pp. 468 and 74. 

Lemma. Let Ll be a regular domain ofMfi, with compact boundary dfl. Then dfl has arbi¬ 
trarily small open neighborhoods in for which there are deformation retractions onto dLl. 

The proof uses the inward pointing normal vector n and ensures the existence of a small 
neighborhood U of dLl in fl, of a constant e > 0 and of a diffeomorphism x ■ U ^ dLl x [0,1) 
such that t) = p + etn for all p G dLl and t G [0,1). 

Let M = n X {0} Uan 0 X {!}, where we identify (p, 0) with (p, 1) for p G dLt. We define, 
for p G dLl and t G (—1,1), the mapping 


P t = {) 

I {x~^{p,-t),^) t < 0 

Lemma. fpO]) There is a unique C°° structure on M such that Q x {j} ^ M is and 
X : U X {0} Uao [/ X {1} ^ cin X (—1,1) is a diffeomorphism. 

Note that those lemma also apply to exterior of bounded domains as long as the domains 
are regular and have compact boundary. 
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On M we define the metric G induced by the new coordinates. As we have chosen coor¬ 
dinates in the normal direction, the metric is well defined over the boundary, its coefficients 
are Lipschitz in local coordinates and diagonal by blocs (no interaction between the normal 
and the tangent components). Moreover, 

G{r{y)) = G{y), 

where r : M ^ M, r(x,0) = (x, 1), = Id is the reflection with respect to the 

dn. 

For the Dirichlet problem we introduce the space of functions of H^{M) 
anti-symmetric with respect to the boundary. Let 

Has = {v.M^C, ve v{y) = -v{r{y))}. 

Note that for v G the restriction is in and every function from is 

obtained from a function of We shall prove the stability of under the action of 

By complex interpolation define for s G [0,1] and deduce its stability under the 
action of Moreover, the restriction to O of functions in H^g belongs to and 

vice versa. This allows us to deduce the Strichartz inequality for on from the 

Strichartz inequality for on M. 

In section 0] we give the proof of the Strichartz estimate on (M, G). 

Similarly, we can define for the Neumann problem the space Hg of symmetric functions 
with respect to the boundary. This space is also stable under the action of . Thus from 
the Strichartz inequality on (M, G) we can deduce local and global results for the Schrodinger 
equation o on n with Neumann conditions instead of Dirichlet. Let 

Hg = {v : M ^ C, V G v{y) = v(r{y))}. 

Let us prove the stability of H\g under the action of Let vq G H\g and v{t,y) = 

Then v satisfies to idtv{t, y)+AQ(^y-^v{t, y) = 0, v{0) = vq. Let v{t, y) = v{t, r{y)). We 
shall look for the equation verified by v. First note that f}(0) = —vq and dtv{t,y) = dtv{t,y). 
As G is diagonal by blocks, having no interactions between the normal and tangent compo¬ 
nents, so is G~^. Thus in ^G{y) there is no crossed term. Consequently y) = 

AG(y)v(t,y). We see thus that v satisfies to the linear Schrodinger equation with initial data 
—vo{y). But —v(t,y) satisfies the same equations. By uniqueness we conclude that 

v{t,r{y)) = -v{t,y). 

We are now able to prove the following proposition. 

Proposition 3.1. Theorem M . 1\ imvlies Theorem MdA. 

—+<i 

Proof. Let M be the reflection of D and G the reflected metric. Consider uq G (D). Let 

uq : M —> C be defined as follows : for y G D, let uo((y, 0)) = uo{y) and uo((y, 1)) = —uo{y). 

As seen previously vq G H'^g C Moreover lluop 3 = 2||no|P 3 . From 


boundary 
which are 


the stability of the under the action of and the uniqueness of the linear flow we 

conclude that e®*^®uo|ox{o} = This leads us to 

l|e**'^'Uo||i,p(/,L<3(o)) < c{p,I)\\uo\\^^+^^^y 

which is the first estimate © in Theorem o Estimate in the nonhomogeneous form is 
obtained classically by means of Minkowski inequality from the homogeneous estimate (see 

e.g. 0). □ 

In the next section we prove Theorem ll.il 


4 Strichartz inequality for the Schrodinger operator associ¬ 
ated to a Lipschitz metric 

Let M be a C°° compact manifold (or flat outside a compact set) endowed with a metric 
whose coefficients are Lipschitz. We want to study the behavior of the Schrodinger flow in the 
mm norm and for doing so we translate the equation in local coordinates of Having a 
Schrodinger equation we pass in semiclassical time coordinates and study frequency localized 
initial data restricted to a coordinate chart (in this way the solution remains essentially 
localized in the open chart on a very short time that depends on the frequency, as we shall 
see). We use a partition of unity to recover the behavior of the solution on the whole manifold. 

4.1 Preliminaries 

In the case M compact manifold, let {Uj, Kj)j^j be a finite covering with open charts. Let 
iXj)jeJ ■ M —> [0,1] be a partition of unity subordinated to the covering (Uj)j,=j. For all 
j & J let Xj : M ^ [0, 1 ] be a C°° function such that Xj = 1 on the support of Xj the 
support of Xj is contained in Uj . 

The coordinate map Kj : Uj C M ^ Vj C transports the functions Xj and Xj onto the 
functions x]{y) = Xj{Kj^{y)) and Xjiv) = Xj{Kj^{y))- 

In the case M flat outside a compact set, let {Uj,Kj)j^j be a covering of the area of M 
where G ^ Id. This area is compact, so we can choose J of finite cardinal. We have M = 
Ujej[/jU[/i^ooU[/ 2 ,oo, where t/i,oo and 1 / 2,00 are two disjoint neighborhood of 00 , diffeomorphe 
to W^\B. Let (xi)ieJ) Xi,ooj X 2 ,oo : M [0,1] be a partition of unity subordinated to 
the previous covering. We estimate on Uj^jUj exactly as we do for the compact 

manifold. Knowing that G = Id on Uoo simplifies the analysis of the spectrally truncated 
flow near infinity. 

We prepare the frequency decomposition. Let ipo G G°°(M'^) be supported in a ball 
centered at origin and (p G be supported in an annulus such that for all A G 

V^o(A) + ^ </?(2 ^A) = 1. (5) 

fcGN 
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We define a family of spectral truncations : for / £ C°°{M) and h £ (0,1) let 


Jhf = {x)^{hD){K-^r{x,f)) (6) 

j&J 

and 

Jof = {x]MD){K-^T{Xjf)) , (7) 

j&J 

where * denotes the usual pullback operation. We can rewrite Jh as follows 

Jhf{x) = '^Xj{x)ip{hD) {nj{x)). 

j&J 

If we denote by p and po the inverse Fourier transform of p and (po respectively and if we set 
fj = then 

ip{hD)fj{Kj{x)) = ^ fj{z)dz. 

From relation © we deduce that for all x £ and for v a function on : 


n OO n 

/ Poix -y)v{y)dy + '^2^‘^ p (2^{x - y)) v{y)dy = v{x). 


We obtain thus 


•7o/(a;) + ^ J 2 -'=/(a^) = '^Xjix)xjiKj ^{Kj{x)))f{Kj ^iKj{x))) = f{x). (8) 

k=o jeJ 

Note that in the case M flat outside a compact set, we have to modify such that it 
takes into account the influence of the spectral truncation on the chart near oo. Let 

Foof = Xoo<p{hD)xoof{x). (9) 

Then for Jh,oo = Jh + -7"i,oo + 7^2,oo we have an identity similar to (|HI). 

We study the semiclassical Schrodinger equation with initial data JhUo and then we 
recover the behavior of the linear flow thanks to identity (jSl). We introduce the semiclassical 
time s by w{s,x) = v{hs,x). If u is a solution of the equation 

f idtv + Aqv = 0 
I '^|t=o ~ JhUo 

on a time interval I, then w is solution of the following semiclassical equation on h~^I 

( ihdgW + K^Agw = 0 

1 Wls =0 = JhUo- 
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The classical way of proving Strichartz inequalities is to use the TT* method (here * stays 
for adjoint) starting from a conservation norm and a dispersive estimate m)- 

In the case under study, the dispersive estimate can be obtained by combining the WKB 
approximation (as in M) and a stationary phase type lemma. In order to use this strategy 
we need more regularity on the coefficients of the metric. Using an idea from [2] (see also 
EH), we regularize them at some frequency h ", where 0 < a < 1 is a parameter that will 
be fixed in the end. We treat the remainder term as a source term like in |2]. 

Let V’ be a C'“(M'^) radially symmetric function with ijj = 1 near 0. We define the 
regularized metric Gh as follows 

Gh = [x]i’{h^D){^fnxjG)') . ( 11 ) 

3&J 

The transformation of G into Gh does not spoil the symmetry. Note also that Gh converges 
uniformly in x to G, and thus, for h sufficiently small, Gh is positive definite. Therefore, Gh 
is still a metric. Then equation m is equivalent to 

f ihdsW + Ag^w = h‘^{AG^ - Ag)w 

\ 'lt^|s=0 ~ Jh'^0- 

When writing Jh in local coordinates we see it as a finite sum of expressions as 

Fhfix) = x{x)ip{hD){xf ){x) = ^ xix)p /( 2 /)d 2 /, (12) 

where x G M'^, / : ^ M, y and x are compactly supported , 0 < y, y < 1 and y = 1 on 

the support of y. The function ip is (7°° supported in an annulus. We study the following 
equation in local coordinates 

f ihdgW + h'^Acf^w = 0 , . 

1 w;|.=o = Fhuo. ^ ’ 

The plan of the proof is the following : 

• construct an approximate solution for m by the WKB method and prove the disper¬ 
sion estimate on a small interval of time Ih- This solution remains supported in the 
chart domain so we can extend it as a function onto the manifold. 

• obtain a Strichartz inequality for the spectrally truncated flow on Ih, where 

denotes the adjoint of Jh- 

• estimate the difference between the regularized flow and the initial flow in the L^(L'^) 
norm on Ih- 

• obtain the Strichartz inequality for on a fixed time interval. 

The analysis of uq in U‘{L'^) norm on a small interval of time can be done using 

the classical Strichartz estimate (see proof of Proposition 14.171) . 
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4.2 Estimates on the regularized metric and preliminary commutator lem¬ 
mas 

The metric G : M ^ Md(S.) is symmetric, positive definite and Lipschitz : there exist 
c, C,ci >0 such that for all x G M 


cM < G{x) < GId, |dG| < ci, 


where we have denoted by dG the derivatives of the metric in a system of coordinates. Using 
the expression m, one can easily prove the following estimates 

Proposition 4.1. The regularized metrie Gh is a G°° function that verifies, in a system of 
coordinates, the followings : there exists c,G > 0 and c.y > 0 for all 7 G such that for all 
X G M 

cld < Gh{x) < GId, \d'^Gh{x)\ < 

Next, we present a collection of useful lemmas about the action of operators Fh defined 

in (IT^ . 

Lemma 4.2. There exists a constant G > 0 such that, for all 1 < p < 00 , Ff, is bounded 
from IF to IF 

< G. 

Proof. If we denote by fi = xf then the boundedness of y ensures ||/i||lp < ||/||lp- Thus, 
the result follows from the classical estimate < G. □ 

Lemma 4.3. There exist eonstants ci > 0 and C2 > 0 sueh that the commutator [Fh, Ag^] = 
FhT^Gh ~ ^Gh^h is hounded from if to if of norm ^ and from to if of norm C 2 : 

and 

||[-Ei, Ag^]||h1^L2 < C2. 

We shall use the following 

Schur’s lemma. For T a kernel operator, Tf{x) = F{x,y)f{y)dy, if 


max 


\Kix,y)\dy, / |it'(x,y)|dx < c. 


then for all 1 < p < 00 we have T : LP(R'^) —> LP(R'^) and ||T||iP^iP < c. 

Proof, of Lemma We first prove the estimate. We write the commutator 

[Fh,AGfi as a convolution kernel operator [Fh,AGfi = J^dki{x,L^)f{y)dy by doing 

integration by parts. We arrange the terms in ki according to the order of derivatives on p. 

We estimate the coefficients in norm. The coefficients of p must have 2 derivatives on y 

or Gh- The biggest among them is the one where both derivatives bear on . ^ By 

ydet Ghiv) 
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Proposition EH this term is of order h “(< h ^). All other coefficients of p are bounded. 
The coefficients of have one derivative on or x and thus are bounded. The 

coefficient of ■^didjp{^^^) is 

miG]f{y)-G]f{x))xiy). 

It is of order |a: — y\ and if we denote by Pi^= ^^didjp{^^) then -^Pii^^) satisfies 
the conditions from Schur’s lemma. We conclude that the norm of the commutator 

is of order h~^. 

For the estimate we write the commutator as a convolution kernel operator as 

follows 

|F^. AgJ/(i:) = ^ *0 (i. fiv)dy + P £ h (x, V/(9)d!,. 

Indeed, using the obvious identity dx^ [p (^^)) = ~dyj {p (^^)) j we can make an integra¬ 
tion by parts and obtain both terms in f(y) and in Vf{y). We are doing this as follows : if 
no derivative bears on / but there is one on p, we proceed to the integration by parts. 

Thus, kQ{x, contains no derivative of p and therefore the operator associated to 

is bounded from to L^. As above, we arrange the terms in k 2 following the order of 

derivatives on p. As we have at most one derivative that acts on each term, the coefficient of 
p(^^) is bounded. As for the coefficient of j^dip{^^), it equals x{x) {y) — G^ff (x)^ x{y) 

and as above we deduce the boundedness of the commutator from to L^. □ 

As one may not apply two derivatives on G{x), the similar statement for [FX, Ag] only 
holds for the norm, namely : 

||[FX, Ag]||hi^l2 < c. 

Lemma 4.4. There exists a constant c > 0 such that the operator FX(Ag^ — Ag) is bounded 
from to with norm ch°‘~^, 

\\Fh{^Gh - ^ g )|| hi ^ l 2 < ch°‘~^. 

Proof. We write F/j(Ag — ^Gh)f a convolution kernel operator that acts on V/. We do 
a similar analysis of the kernel of FX(Ag^ — Ag) with the one done in the proof of Lemma 
ESI The coefficient of pi^j^) is bounded since it contains one derivative of G, G^ or y. The 

coefficient of \dip{i^^) is x{x) (^G]f {y) — G^’^{y)j x{y)- Let us recall that Gh = 'if{h'^D)G 
and V’(O) = 1. Thus, 

\\Gh-G\\L<^ <ch^. 

The result follows from Schur’s lemma. □ 

Let tp be a G°° function supported in an annulus such that tp = 1 on a neighborhood of 
the support of (p. We dehne FX just like FX, replacing (p par (p (see lEl))- We denote by 

LX = FhFh - Fh- 

The following lemma states that the action of FX on FX and [FX, Ag^] is close to identity in 
LP —> LP and Lf —> Lf norm respectively. 
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Lemma 4.5. For all N and p > 2, the following inequalities hold 

||[F/i, Ag^] - [F/i, Ag^]F/i||^2^^2 < CNh^ (14) 

and 

\Th\Lp^Lp < c^h^. (15) 

Proof. As in the proof of Lemma 14.51 we write [Fh, Ac^jFhfix) = J^ah{x,^)fiy)dy, 
where h {x, ^ J^d h {x, xir)p (^) x(y)dr. Using {D'^(p)<p = D'^ip and basic 

properties of convolution and Fourier transform, we obtain the following identity 



We shall use identity (p|) to show that 

fei (a;, = fei (x, ^-^) +/i^i?Ar(x,y), (17) 

for all A G N and such that Rjsr satisfies conditions of Schur’s lemma with a constant 
independent of h. 

The kernel ki{x, ^^) is a sum of terms as p{^^)co{x,r) and ^pi(^^)ci(x, r), where cq 
and Cl are factors of Gh and y (as well as their derivatives up to order 2 ) considered in x or 
r. Here Pi{^^) can be either djp{^^) or {^^)didjp{^^). We perform a Taylor expansion 
in r of factors from cq and ci and express them in x. Thus 

Co (a;,?') = ^0,7 (a:) ( + Ro,No{x,r). 

n=0|7|=n ^ ^ 

Note that TQ^.y may contain derivatives of Gh up to order I 7 I + 2. Therefore ||ro^.y||Loo < 
remainder term Ro ^^^{x^r) is of order 0{h yy-g ^gg 

this Taylor expansion in both directions. First we use it to expand cq as a sum. By the 
change of variable r = x — hz, identity m and the Taylor expansion from the right hand 
side to the left hand side, we obtain 

( X — 2 / \ 

—f^j + h,Noix,y) + l2,Noix,y)- 

Here Ii^Moix^y) denotes the integral with the remainder term from the Taylor expansion 
h,No {x,y) = ^jp (^) Rq^Nq {x, r)p (^) dr and {x, y) = -Ro,No {x, y)p{^). 

We analyze the Ii^No{x,y) term. For all x,y £ 

|/i,7Vo(Ay)l I \p{z)\\z\^^+^\p\ (^-^) dz. 

Thus, Schur’s lemma applies for the kernel Ii^No{x,y) with a constant _ 

Similarly, Schur’s lemma applies for l 2 ^No{x,y) with a constant yy^ treat 

the Pi term in a similar manner. 


1 

1 ? 


X — r 

h 


co(x,r)p 


r -y 
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As 0 < a < 1, for all e N there exist a Nq such that (A"o + 1)(1 — a) — a > N. If 
we denote by R]\[{x,y) = h~^ (/i^Ar(,(x,y) + l 2 ,No{x,y) + ■■■) (the ... stand for the remainder 
terms in pi), then Rn satishes (ITTI) . As h^RN{x, y) is the kernel of [Fh, /^Gh] “ Wh, ^Gh]Ph-, 
inequality (d follows from Schur’s lemma. 

We now pass to the proof of d- The method of proof is very similar. Using that XX = A 
we can write FhFh as a kernel operator FhFhf{x) = -^xix) f k{x,y)x{y)f{y)<iy, where 


^(^’2/) = 7^ j p[ 


X — r 


h 


r -y 
h 


X{r)dr. 


As above, using the change of variable z = y + hz, making a Taylor expansion of y in y and 
using identity m we conclude that the kernel of F^Fh equals the kernel of F^ plus some 
remainder terms. The result follows from the analysis of the remainder terms and Schur’s 
lemma as above. □ 


4.3 Construction and estimate of the ansatz 

We shall construct and estimate an approximate solution on a bounded open chart. The 
proof need to be slightly modified to apply also for a neighborhood of oo, but we shall not 
use it here. Let us recall the notations for the truncation in space coordinates as introduced in 
section EH We have [/ e M'’* a bounded open chart. Let x and x be functions supported 
in U such that x = 1 on a neighborhood of the support of y. 

The WKB method consists in searching for an approximate solution of equation m that 
decomposes as : 


= e 


I 


; $( 3 , 3 ;,g) 


N 


'^h^aj{s,x,C)vo 


j=0 




hJ (27r/i)'^ ’ 


(18) 


with <^(0, x, = X • C oo(0, X, = x(x)v9(^) and for j > 1, Oj(0, x, = 0. We have denoted 
by vq = yuQ. Thus, by the inverse Fourier transform, w'^{0,x) = FhUo{x). We want to 
be close to the solution of m- In other words we want to find small (in a sense that 
will be stated further) such that: 


ihdsW°^ + h?/XGhW°^ = fh,N 


w 


ap 
N |s=0 


—n — FfiUQ. 


(19) 


If we introduce formally m into the equation m we see that should satisfy the 
following Hamilton-Jacobi equation: 


^\s=0 = 


and ao should satisfy the linear transport equation: 

yl,m ‘ 


0 

x-^ 


9^00 + • ao + = 0 

aoj5=o = X{x)y:’{0 


( 20 ) 


( 21 ) 
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while for j > 1, the aj should satisfy the nonhomogeneous transport equation (we consider 
iAcf^aj-i as a source term) 

f dsUj + ■ ttj + 2Gi^ dxi^dx^aj = iAcf^aj-i ^^2^ 

\ Ofc|s=o 0 

Note that the functions d> and aj depend on h and this dependence will be quantified in 
Proposition EHl We recall a transport lemma that will be used in the following proofs. 

Lemma 4.6. Let /; : R x ^ M a sequence of hounded functions, for 1 < I < d, and 
6 : R X R'^ —> R a function such that there exists M > 0 that bounds |6(s)| < M for all 
s G R. For uq ^ M. the solution u of the transport equation 

dsu + ^ fidxiU + bu = 0, = uo, 

satisfies 

||w(s)||l“ < e^l^l||uo||L°°- 

Under the same assumptions on fi and b and F : R x R'^ —> R, the solution v of the nonho¬ 
mogeneous transport equation 

dsv + ^ fidxiV + bv = F, = Uo, 

satisfies the following estimate: 

The proof is classical, using the methods of characteristics to transform the transport 
equation into a system of ODEs. The second part uses similar arguments combined with 
Gronwall lemma. 

Proposition 4.7. Let R > 0 such that supp <y9 C B{0,R). Then there exists c > 0 and 
G C°°{[—ch°‘,ch°^] X R'^ x B{0,R)) solution of the Hamilton-Jacobi equation llJft} . There 
exist (aj)jeis} a sequence of functions in C'°°([—c/i“, c/i“] x R'^ x B{0,R)) solutions to the 
transport equations m and iHl). Moreover, the support of aj{s,-,f,) is included in U (and 
therefore compact) for all |s| < c/i“ and f G B{0,R). 

Proof. We solve the Hamilton-Jacobi equation by the method of characteristics. For a fixed 
^ G B{0,R), the symbol of the Hamiltonian is p{x,r]) = {x)riirira. If we denote if{s) = 

[y{s),r]{s)) with y{s),rj{s) ; R"^ —> R*^ then the couple (y(s),r/(s)) verifies the Hamiltonian 
system given by p{x, rj). Moreover, we impose x G R'^ i--> y(s, x) G R'^ to be a diffeomorphism 
for all ^ G B{0,R) and s G [—5,5], . We conclude by the Cauchy Lipschitz theorem the 
local existence and uniqueness of smooth solutions. As the Hamiltonian is constant on the 
characteristics, for all s G [—5,5], 

-G^(riy{s,x,f,))rii{s,x,C)Vmis,x,^) = 
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From the equivalence of the metric Gh and the metric G (see Proposition^^, we deduce the 
existence of two constants c,G>0 such that for all s, x, ^ 

c <\r]\{s,x,C) < G. (23) 

We have to find a time length 5 > 0 such that, for all s G [—5,5], x G i—> y{s,x) is a 

diffeomorphism of We consider the equation verified by 

J{s) = det {{dx^yi{s))i^k) ■ 

As y(0, x) = X we have J(0) = 1. In order to find the equation verified by J, we 
differentiate the characteristic system following Xk- We obtain 

dsJ{s) = ^det {dx^y, • •., + 5129x^^1,9x^+1^, • • • ,5x^2/) , 

k 

where Bn = i-2da,^Gjf^{y)yrn)j,r and Bu = (-2G)(’'’(y))j- ^ are d x d matrices. We obtain 

j{s) = tv{Bu)J{s) + f{s), 

where tr(i?ii) denotes the trace of i?ii and / gathers all the terms that contain i]. From 
estimate (1^ combined with estimates on the regularized metric we deduce |tr(i?ii)| < c. 
Using Duhamel formula we get 

\j{s)\ > e^d“'trBii(r-)dr _ |/(r) jdr. 

Jo 

We are looking for a 5 > 0 such that, for jsj < 5, the right hand side is strictly positive. 
We shall start by estimating, for all s G M and x G M'^, the force term /. Applying Gronwall 
lemma to the linear system obtained differentiating the Hamiltonian system following Xk, we 
obtain |/(s)| < it suffices to have jsj < ch“ in order to have |/(s)| bounded 

for all h > 0. Thus, by taking 5 = c/i" eventually with a smaller constant c > 0, we get 
J{s) > 6 > 0 for all —5 < s < S and therefore x y{s, x) is a diffeomorphism of 

By the method of characteristics we know Vxd’(s, y(s, x,^), .^) = r]{s,x,^). Inverting 
X y{s,x) for jsj < c/i“ we obtain the announced properties for <I>. Moreover, from (|2.‘-{jl we 
deduce 

C < ||Vxd>(s,x,^)||Loo < G. (24) 

Using ao|s=o ~ the boundedness and the uniformity of the speed of propagation, 

we can take the time length 5 = ch°‘, with c > 0 being chosen eventually smaller, such that 
X 1 -^ ao(s,x,^) is supported in [/ for all jsj < 5 and ^ G B(0,li). 

Moreover, the equations verified by aj, for j > 1, are nonhomogeneous linear equations 
with initial data 0 and source term Consequently, the support of aj is the 

same as the support of Uj-i for all j > 1. Therefore, for all j > 0, the support in x of aj is 
contained in U. □ 
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Thus, for s e [— c/i“,c/i“] and e N, we can construct the w'^ as in (IT^ . We want to 
find r/j jv such that w'^ satisfies (Hill) and moreover to estimate r/^^Tv and w^. For this we 
start by estimating the phase <f> and the amplitude {aj)j£fq as well as their derivatives in L°° 
norm. 

Proposition 4.8. For all j, k ^ N, k > 1 and /3 G there exist constants Ck^p, Ck,/ 3 j > 0 such 
that functions $ and {aj)j^fq constructed in Proposition 123 satisfy, for all s G [—c/i“, c/i"], 
the estimates 

||V^af<f>(s)||ioo < (25) 

and 

||V^afa,(s)||igo < (26) 

Moreover, for \(5\ > 2, 

< c/i“. (27) 

Proof. In the proof of Pronositiou 14.71 we have deduced estimate (|25() for k = 1, f5 = 0 : see 
(HH). Throughout this proof we consider 0 < s < c/i". 

For n G N, n > 0, we denote 

Mn{s)= sup \\d2<^>it)\\\L^. 

|t|<s, |7|=n 

Thus, estimate dsn reads Mi(s) < c for all 0 < s < ch'^. 

In order to estimate the functions for A: > 2 or |/3| > 1 we find the equations they 

verify by differentiating the equation dm) satisfied by We get that they satisfy transport 
equations. We estimate their norm by the transport Lemma [4.6l combined with induction 
on the order of derivatives. Having two parameters, we make first an induction on the order 
of derivatives in x, then in f. But first of all we need to estimate the L°° norm of two 
derivatives in x of <I>, i.e. M 2 {s). 

For 1 < j,k < d let Vj^k = dx^dx,.^- Then verifies the equation 
dsVj,k + fldxiVj,k + Fj,k = 0, Ij-,A:(0) = 0, 

where we denote by fi = and by Fj^k the terms from dx^dxf^ dxt^dx„,^'j 

except those that contain a 3-derivative in <h. We can decompose Fj^k following the order 
of derivatives as follows Fj^k = Fo + Fi + F 2 -, where in there are n derivatives on Gh- 
Combining estimates on G^ (see Proposition EU) with Mi[s) < c we have : ||Fb||L°° ^ 
cM 2 (s)^, ||Ti||i,jo^ < cM 2 {s) and ||F 2 ||Lg°,, < c/i“". By the transport Lemma f4.6l we obtain 
\\Vj,k{s)\\L^ < cs\\Fj^k\\L^^. Therefore, 

M2(s) < c/i“(/i-“ + M2 (s) + M2(s)2). 

We treat this inequation with a bootstrap method. Using that M2(0) = 0 we obtain M 2 {s) < c 
for all s < ch'^. 
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Similarly, for 7 £ N'^ such that I 7 I > 3, we denote by By induction hypothesis 

Mn{s) < c/i-"™a-x(n- 2 ,o)^ £qj, n < \j\ — 1. Differentiating the Hamilton-Jacobi equation 
dsni) following d2, we get the transport equation verified by 14^ 

dsV.y -|- fidxiVy + = 0. 

Note that fi = is the same for all 7 ’s and equals d2{G^f2^dxi^dx^^) minus the 

terms that contain a (I 7 I -|- l)-derivative in <h. Making a similar analysis with the one done 
for M 2 (s) we obtain M|^|(s) < c/i"M|^|(s) -|-and therefore M|^|(s) < 

In order to estimate the norm of d2d^^ we introduce 

Mn,k{s)= sup \\d2d^<^{t)\\L^. 

|t|<s, |7|=n, \/ 3 \=k 


Thus, estimate Mn{s) < c/i-“max(n-2,0) pgg^(£g Mnfl{s) < c/i-“™ax(n-2,0) £qj, n > 1. We 
make a double induction : we increase k hy 1 and make a complete induction on n £ N as 
above. We obtain < ch^Mn^kis) + ch~°‘^'^~'^^ and consequently M„^fc(s) < 

Moreover, note that for |/3| > 2 we have dxjd^^{0) = 0 for all 1 < j < d and therefore we 
obtain estimate (EZI), which reads |,g| < c/i“. 

In a similar way we estimate the derivatives of Uj in L°° norm. Note that for j > 1 the 
functions aj are solutions of nonhomogeneous transport equations ESI) with a source term 
that equals iAcf^aj-i. Thus, when we differentiate equation with respect to x we get 
some powers of h~°‘ in the source term. This comes from the frequency where we regularized 
the metric. And this loss explains why for bigger j’s we have a bigger loss in the norm 
of aj. □ 

Let us recall that we denote by vq = x^o- For £ N define 

L (I) P8) 

Then defined in (ITSI) verifies, for s £ [—c/i",c/i"] and x £ the equation 

r ihdsw''^ + = rh,N , . 

\ <|.=o = PhUo. 

Proposition 4.9. For a > where r is an integer such that r > ^, the approximate 

solution constructed above satisfies, for s £ [—the following estimate 

IK(^)||l^ < -^WvoWx. (30) 

{h\s \)2 

Proof. We write as a kernel operator 


w 


ap 

N 



Kh{s,x,y)vo{y)dy, 


19 






where Kh{s,x,y) = J ^ ’ 'h ^ ^ h^o,j{s, x, ^ 2 ^fe)d • Thus in order to control the abso¬ 

lute value of w‘^{s,x) by the norm ||uo||ii it suffices to control the L“ norm of Kh{s,x,y). 
The kernel is an oscillatory integral, whose phase function can be written as 

$(s, x,^) - y ■ ^ = {x - y) ■ ^ + sijj{s, x, 0 , 


where "0 is the remainder term from the Taylor expansion of at first order 

'tjj{s,x,^) = [ ds^{sT,x,C)dT = - [ G^jl'^{x)dxi^{sT)dx^^{sT)d 

Jo Jo 

If we push the expansion to the second order we get 

x, {x)^i^rn + S [ (1 - r)9^^>(sr)dT. 

Jo 


(31) 


Setting 2 = we have Kh{s) = / and we are in¬ 

terested in evaluating the norm of Kh. Note that if is bounded we get immediately 
that \Kfi{s)\ < -^ < —^— 3 -. Thus we can consider the rapport A = I- to be large. The kernel 


reads as 


Kh(s) = 




N 


XF{s,z,x,^) 


'^h^aj{s,x,^) 

j=0 


de 


(27r/i)'^ ’ 


with F{s, z,x,^) = z ■ ^ + X, ^). 

We want to apply the stationary phase lemma to estimate K^- This lemma says that the 
essential contribution in the integral must come from points where the phase is stationary 
(critical nondegenerate points). We shall use the stationary phase lemma under its simplest 
form (lemma 7.7.3 in UHl). 

Lemma. (|13|I Let A he a real symmetric non-degenerate matrix of dimension d x d. Then 
we have for every integer k > 0 and integer r > ^ : 

A^' 




'd^ — det 


27ri 


TkiX) 


< Ck 


||Al- 


-iiix f+fc 


A 


\\Df^fh2 (32) 

|/3|<2fc+r 


forfeS and for n{X) = E"=o(2*A)-^'^^^^f^(0). 

For s, x and 2 ; fixed we want to show that the equation d^F = 0 has at most one solution. 
We write this equation as ^ = 2Gh{x)~^{z + s fj^(l — T)d^dg^(sr)dT). It suffices to show that 
the right hand side is contracting (as a function of ^). For this we compute its derivative 
with respect to Taking into account that s = ch^^ is small, it is enough to show that 
for \(5\ = 2 the expression 2Gh{x)~^ Jq{1 — r)cl^9g<I>(sr)dT is bounded (independently of 

s,x,z,(,). We explicit (9^<h(sr) using the Hamilton-Jacobi equation CT verified by <I>. The 
derivative with respect to ^ distributes on the terms in <h and by using estimates (f^ we 
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conclude the boundedness of the expression. This implies the uniqueness of the critical point 
of F. Let us call it ^c- The phase F decomposes as follows 

F{0 = F{i,) + ^ < dlF{Q{i - > +ii(0, 

where the last term is the remainder term from the Taylor expansion at order 2 

Ri.i) = ^Yl /' djFis, X,+ g(g-gc))(1 - efde ~ P"' . 


We recall that F{s,x,^) = 2 • ^ {x)dxi^{s9)dx^^{s9)d6. Thus, for I 7 I = 3, in djF 

at least two derivatives will bear on Va;<l>(s0). By the refined estimates (j27ll we conclude that 

We apply the stationary phase lemma for k = 1 and r > ^, Aj = and /(O = 

,x,^). We analyze the quantities that appear in the stationary phase lemma. 
Here A is 0{h°‘) close to the regularized metric (see estimate (|!TT|) L so ||^“^|| and |detH“^| 
are bounded independently of h. We have Ti(A) = /(^c) bounded, since oq is bounded. The 
only term we need to estimate in order to bound \Kh{s,x)\ is Y1 \\Rff\\F- The function 

\P\<2+r ^ 

f{C) = ao{s, x, being supported in B{0,R), we have \\D^f\\i 2 < 

We explicit D^f = Y^xi<p oq. By a simple computation we get that 

< Ch“, 1^00 < c. Thus, the most important contribution in the sum comes 

from terms where the derivative bears on the exponential. Consequently, 

||T>^/||l°° < cmax(l, (A/i“)l^l). 

From the stationary phase lemma we conclude that 


M c max(l, (Ah")l^l) 

\Khis,x)\<-^ + c sup - [ \ ^ r 

{Xh^)'2 |/9|<2+r /I'^A 


+1 


As Xh? = \s\h and we are looking to prove \Kh(s,x)\ < —^— 3 -, we want 
the sum to be small in front of the first one. This makes us to impose the 


(33) 

the second term of 
following condition 


max(l, (A/i") 


a \ 2 +rA 


A 


< c. 


(34) 

Consequently, ch < |s| < 


for all 0 < /i < 1. Let us recall that A = 1^ is large and |s| < ch' 
ch^ and A/i" = 

If 1 > a > ^ then Xh°‘ < < c. Thus, max(l, (A/i“)^+^) < c and (IHH) holds. 

If 0 < a < 2 '^^ have to study the case ch < |s| < ch^~°^ and ch^~°‘ < |s| < c/i“. In the first 
case Xh^ < c and (El holds as above. In the second case A/i“ > c and therefore condition El 
becomes ) —) _ |^|i+r^-i-r^a( 2 +r) < g for all 0 < /i < 1. Consequently a > 

We deduce from < a < 1 that (1^ holds and combined with estimate El this 
implies \Kh{s,x)\ < ^ 


{\s\h)'?' 


□ 
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Proposition 4.10. The force term r^^N defined in satisfies, for a and G N such that 
a < N{1 — a) + 2 — d and for s G [—c/i", ch°‘], the estimate 


Proof. From (|^ we deduce that 

sup [ IIe* ^ AG;,aAr(s,a:,0|| 




d? 


{lirhy 


||/||_ff'^ < ||/||l 2 + ||^'^/||l2 and the support in x and of is compact (see Proposition 
EH), we get 


;5-5]/ 


e* h AG^aNliUH^) < c||e' 


' h 


AG;,aAr||L^^ + Cp'^ (e* h AG,,aN)\\L° 




Note that when differentiating e* '> Ag^jOat once in x, the biggest contribution comes 
from differentiating the exponential and it is of order h~^, while all the other terms con¬ 
tribute with at most /i““ growth. For a derivatives the order of magnitude is Thus 

||e*“?^ AG^aAr||H^ < and this uniformly in s and Consequently, 


lkh,Ar||iT^ 




□ 


4.4 Strichartz inequality 

Further on, we consider d = 2,3, as those are the only dimensions where we hope to get 
an existence theorem in the energy space from our Strichartz estimate. In this section we 
proceed to the proof of the Strichartz estimate as presented in section ETl 

Let us recall the framework as introduced in section EH We have considered [Uj,Kj)j^j 
a finite covering with open charts of the manifold M. We have defined a family of spectral 
truncations on M: Jhf = Yljej We have generically denoted 

by F/j a spectral truncation on functions of M'^, corresponding to one component of the 
partition of nnity Fhf{y) = x{v)T{hD){xf){y). In section ESI we have constructed by 
the WKB method. This function verifies the Schrodinger equation for the regularized metric, 
with a small source term and initial data F^uq (ESI. From Proposition EH we deduce 
and r/j TV are localized in the open chart corresponding to y. 

We resume the previous section in a lemma asserting that the function constructed 
in CHI) is close to e^^^°h F^uq in norm. Moreover, wff being localized in an open chart we 
can extend it to a function on the whole manifold. Thus, from the dispersive estimate on the 
approximate solution in Proposition 14.91 we deduce a dispersive estimate for JaUq 

on a small interval of time (of length chf~^^). 

Lemma 4.11. There exists a function Rh,N ■ [—x ^ C such that 

F^^°hFhUQ{x) = (x’®) +Rh,Nit,x) 
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and if we denote by vq = x^o, then 


\\Rh,N\\L°° < ^ 

Proof. The function w'^ was constructed such that it satisfies the equation (1191) . By the 
Duhamel formula applied to equation P|). the following holds for all s G [—c/i", ch°‘]: 

- ih-^ r 

Jo 

For t G [—we denote by 
Rh,N{t,x) = 

Using the change of variable hr = I we conclude the first identity holds. 

Let us estimate \\Rh,N{'t)\\L°° < /o Using the Sobolev imbed¬ 
ding C L°°, as 2 > we have to estimate the Hf. norm of For this 

we need to commute A with . We use the following elliptic regularity lemma (see e.g. 

mi) 

Lemma. For all u G L^(R'^) such that P^Ch ^ we know that u G and the 

following estimate holds 


u\\h2 < c{\\u\\l2 + \\Ag^u\\l2) < c\\u\\h2. 


(35) 


Consequently, 

WRuMl^ ^ (J^ || l 2 + AG^rh,N hldl. 

Using the conservation of the norm by the flow and the second inequality from 

(ESI), we obtain 

||-Rh,Ar(t)||L“ < Wh^^I- 

Thus, using the estimate of the remainder term rh,N seen in Pronositiou 14.1 Ol for u = 2 and 
\t\ < c/i^+“, the result follows. □ 

Proposition 4.12. For all uq G L^{M) there exists constants C > 0 and c > 0 such that, 
for all t G [—the following dispersive estimate holds 

JhUoWh^ < -^IIuoIIli- (36) 

\t\2 
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Proof. Let us recall that in local coordinates Jh is a sum of truncations Fhj corresponding 
to Xj- From Lemma 14.111 and the semiclassical dispersive estimate we obtain 


\t\2 

As 'Ylj&jXj = 1 aiid 0 < Xj < Ij we can sum both left and right side terms. We obtain 

\t\2 

For 0 < a < 1, we can hnd A^ G N such that iV(l — a) — 1 — d > 0. Therefore, the second 
term is absorbed by the first one and the result follows. 

□ 

Having a dispersive estimate —> L°° we obtain the following spectrally truncated 

Strichartz estimate (as well as its adjoint form). 

Proposition 4.13. For all couples {p,q) which are admissible in dimension d and Ih an 
interval of time such that \Ih\ = ch^~^°‘, we have 

<c||uo||l2 (37) 

and 

II / e**^«.4F(Lx)dt||i2 <c||F||^.(,^,i,(M)). (38) 

Jih 

Proof. This is quite a straightforward result from the following TT* method (which was 
optimized by Keel and Tao m for the endpoint case). 

Lemma. A parametrized family of operators U(t) : L'^ ^ that obeys, for all t, the energy 
estimate 

\\U{t)f\\L 2 < c\\f\\L 2 

and the decay estimate 

\mt)u*is)fu^ < ^^ ii/iili 

satisfies, for all admissible pairs {p,q), {pi,qi) in dimension d, the estimates 

\\U{t)f\\^Ll<Bi{q)\\f\\L2. 

II J U*{.s)F{s)dsh. < B 2 iq)\\F\\^p^,. 

We consider the operator Uh{t) = Thus Uh{t)U^{s)uQ = Jf^uQ. We use 

the boundedness of Jh on spaces for all 1 < p < oo (see Lemma Eni) to conclude from 
inequality (IHHl) that Uh satisfies the decay estimate as requested by the TT* method. □ 
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Remark. Let us suppose that in estimate Jg?! ) we have instead of . Still, we 

could not sum over all frequencies as on the left side there is a term that does not depend on 
the frequency. 

In the following we deduce an Strichartz inequality that will sum on all frequencies. Let 
ip be as in © and p supported on an annulus such that (^ = 1 on an open neighborhood 
of the range of near the support of oq- From (El we know c < |Va:‘h(s,x,.^)| < C. 
Moreover, as V2;<I>(0, x, ^ for ^ G supp{p), we conclude that (p = 1 on the support of p. 
Let Jl = Y.Xj{x)p{hD)xj. 

Proposition 4.14. For all uq G L^{M) there exists '■ [—ch}^°‘,ch}^°‘] x —> C such 

that for all |t| < 

r^F^^^Hj^uoix) = F^^°UhUo{x) + RN{t,x), ( 39 ) 

and for all Nq > 0 we can choose N such that , ||i?Ar(f)|| 

Note that this proposition states the localization of the flow at the same frequency as the 
initial data on a time scale 

Proof. Let us recall that JhUQ = We pass into semiclassical 

coordinates by setting t = hs and use the WKB approximation (as resumed by Lemma 14.111) 
to express 

p*he^’^^^OhFi^hUo{x) = Xj{x)^ Xj{y) {w‘"^{s,y) + Rh,N{hs,y)) dy. 

We make the change of variable y = x — hz. We denote by ah,N{s,x,f,) = '^k=i^k{s,x,f,) 
the amplitude of the WKB ansatz. We make a Taylor expansion in x following hz. Thus, 
the main part of F*Fi^hUo{x) reads 

Xj{x) [ dz— 

jR^xRd \hj [ZTTh)^ 

Using that / 5 ( 2 ;)e“*^'W^(^>*>S)d 2 ; = (,5(Va;<h)(s, x, and the hypothesis (^(Va;<h) = 1, we 
obtain that it equals Xj(x)rt;^(s, x). We apply again Lemma [4.111 and get that 

Fl^phsAa.Fif^uoix) = Xj{x)e^’^^^°>^Fi^hUo{x) + Xj{x)Rh,N{hs,x). 

Moreover, for |/3| > 1 we have = {d^p){\/x^){s,x,^) = 0. 

Thus, we get that all the terms from the Taylor and WKB expansion are null, except those 
containing some remainder terms. 

We denote by Rw the sum of the remainders from WKB approximation and Taylor 
expansions. Both kinds of remainders contain a sufficiently large power of h to be treated as 
in Proposition I4.1()1 and Lemma 14.111 □ 
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From Proposition 14.141 we can easily deduce a Strichartz estimate similar to JSZI that 
would sum over all frequencies. Nevertheless, estimating the difference J/^uo 

in the LP{Ih, L‘^{M)) norm turns out to be a difficult task, as we know very little on e**^*^. 
We prefer to estimate the L^{M)) norm of In view of this, we 

deduce from Pronositiou 14.141 the following result. 

Proposition 4.15. For uq G H^{M) and {p,q) an admissible pair in dimension d = 2 orJ), 
the following holds, for \Ih\ = ch^^'^ , 


< c/i||uo||hi- 


(40) 


Proof. We use an adjoint argumentation. Let F G L ^'Then 

< Jle'‘^^°huo,F{t,x) e~''^^°hJf,^F{t,x)dt >^2 . 

We apply (jsni) for Mo = -^(L •) and thus the previous expression equals 


< JhUo, [ e ''^^°hJ^F{t,x)dt>L 2 + < Mo, / RN{F{t,x))dt 

Jh " Jh 


>L2 . 


Using the Strichartz inequality under its adjoint form (EHI) and the estimates on from 
(EH), we obtain 


and the result follows from ||J/iMo||l 2 < c/i||mo||//i• □ 

Note that estimate dm sums for /i = 2 /c G N. As we are looking for a Strichartz 
inequality for before summing, we will estimate the L^) norm of the difference 


R{t)UQ = 


itAr 


(41) 


We have already introduced the notation + Th and estimated \\Th\\LP^LP < 

c^h^ in Lemma 1131 We use it here in order to write 


R{t) = JlR{t) + 




(42) 


Proposition 4.16. The operator R{t)uo defined in ( ITH ) satisfies, for all admissible pairs 
{p,q) and \Ih\ = ch}^°^, to 

\\R{t)uo\\LP{Ih,L<i{M)) < c/i2"||mo||//i. (43) 

Proof. We bound the last term from (11^ using estimate dm and the Sobolev imbedding 
C L'^, for 2 < g < (strict inequality for d = 2) : 

\Th{P^^^huo - - e**^®Mo||j,| < chfi\uo\Hi- 
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Consequently, 


-e'*^<=7Zo)||L.(/„L.(M)) < ch^^^WuoWm. 

By a simple computation one can see that R{t)uo verifies the following equation 

f {idt + AG,)Rit)uo = + 

\ R{0)uo = 0. 

By the Duhamel formula we get that R{t)uo equals 

J*] (^^^rAa, _ ^ e^it-r)Aa, Je*"^«nodr. 

We decompose J^R{t) = /i + / 2 , where 

h = [Ag„ 4*] 

and ^ 

4= / 4e'('-")^«^4(AG-Acje'^'^^nodr. 

Jo 

We apply the Minkowski inequality (as p > 2) as follows 

\\h\\LP(lH,Li(M)} < Jo Jh] -e^'pAc'^ Uo\\LP(Ih,Li(dj) 

< /o^ III^G;,, 4] 'Uo||L2dr < c/i^+"||«ol4i, 

where we have used the Strichartz estimate (EZI), Lemma Ol and the conservation law of 
both and . 

Similarly, we estimate ||4 ||lp(a,L'?(m)) < c/i^"||uo|4i using Lemma 

For < a < 1 (see Proposition I4.9jl . the minimum of 2 + 1 + a and 2a is 2a and 

the result follows. □ 

We are now ready to deduce a Strichartz inequality of the spectrally truncated flow on a 
small time interval. 

Proposition 4.17. For ip a C°° function supported in an annulus and uq £ , for each 

admissible pair {p,q) in dimension d = 2 or 'i and for each interval of time Ih, \Ih\ = 
the following Strichartz inequality holds 

IuoIIh.. (45) 

Moreover, for M fiat outside a compact set, estimate MB also holds for 4,oo — 4 A Ri,oc A 
F2,oo- 
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Proof. Combining the estimate on the remainder term iSI) with the Strichartz inequality of 
the spectrally truncated flow for the regularized metric (lini) we get (03). 

For the case M exterior of a compact set, let v{t,x) = where F^o defined by 

©• Then v satishes 

idtv +/\v = [A, 

^|t=o ~ F^uq, 

the Schrodinger equation with standard Laplacian on Therefore, we can apply the clas¬ 
sical Strichartz inequality to the Duhamel formula 

v{t,x) = e^^^FaoUo + [ 

Jo 

Note that [A,Foo] is a bounded FJ^ to operator. Thus, we obtain 

\\Fooe^^‘^^uo\\Lp(^j^^L‘iiM.<i)} <ch\\uo\\H^. ( 46 ) 

Note that this estimate is also true on an interval of time of length ch, but the estimate on 
Ih, \Ih\ = is all we need. □ 

Remark. In the following we shall use Proposition \4.1')\ to obtain the Strichartz inequality 
for on M . For M flat outside a compact set one needs to replace Jh by Jh,oo- 

We want to have similar results on a fixed time interval. Knowing the conservation of 
the norm by the flow e**^*^, one can sum the results on small intervals adjacent to each 
other. 

Proposition 4.18. For ip a C°° function supported in an annulus and uq G H^, for {p,q) 
an admissible pair, the following inequality holds 

WJhe'^^'^uoWLPHopiLiiRd)) < ch'^~^holm, (47) 

where 7 = min(l, 2a). 

Proof. We write the interval [0,1] as an union of intervals 

[ 0 , 1 ] = UiqlII,, 

where 0 < ti+i — ti < ch^^°‘ and ffL = ch~^~°‘. Thus, on each interval 

inequality (03 holds 

||J^e**^®uo|lLP( 4 ,L9(Kd)) - 

We can sum the pth power of those inequalities. Using the conservation of the norm by 
the flow we get . Consequently, 

II 7 •/; /\ ^ II / 

lld^e ?^o||LP([ 0 ,l],L'?(R'i)) = I / , 

\l£L 


u 


hC Uq 


LP(fl,Li 


< chfl' 


l+a 

P 


m- 


□ 
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Having a Strichartz inequality for the spectrally truncated flow on a fixed time 

interval, we take the sum for h = 2“^ for A: G N of those inequalities. Let (/?o and ip be like in 

Remark. One way of summing is to apply the triangle inequality to in order to estimate 
the LP{I, L^) norm of the flow using the estimate 0 

km 

< cWuoWrn + E 2-"("-^)||uo|bi < cWuoWm. 

km 

For summing the terms in the right hand side we used 7 — > 0, which is always true. 

Doing so we did not gain with respect to Sobolev imbeddings. In fact, using the admissibility 
condition ^ | = f ? the Sobolev imbedding Hp{M) ^ L‘^{M) holds and we can trivially 

obtain 

- c|| Moll LOO < c\\uo\\hi- 

Having an norm of uq in the right hand side term we try to improve the way of 
summing on the left hand side. We denote by the domain of (1 — A )“2 in L^[M) 

= {/ E L-? s.t. (1 - A)f / E 


endowed with the norm 

1/1^.., = 11(1-A)f/||L.. 

Let e > 0 be a small parameter such that if we denote by 


a{a) = 7 — 


1 + a 

p 


— e 


we have cj(a) > 0. Note that 0 < a < 1 and 7 = min(l, 2a) imply 0 < a{a) < 1. 

We bound the LP{I, norm of the flow by the norm of the initial data 

for all < a < 1 and then prove that the best estimate is obtained for a = ^. 


Proposition 4.19. Let I he a finite time interval and {p,q) an admissible pair in dimension 
d. Then for all e > 0 small, there exists a constant c > 0 such that for all uq E H^{M) the 
following holds 


||g*iAG^o| 


LP{I,W ^ 


< c||tio||iLi(M)- 


(48) 


Proof. Let e > 0 such that < 7 ( 0 ) = 7 — — e > 0. As above, using ( 0 ), we have 


ll/llrv'^.'j < II Jo/||l 9 + ^ 2^‘^|| J2-fe/||L9. 
km 

From estimates we obtain 

l|e**'^‘^'Wo||LP(/,VF'^-'3) < ll'^oA*'^‘^t6o||LP(/,L9(M)) + EfcGN 2^'^ll•^2-fce**'^‘^'“o||I,P(7,L'^(M)) 

< c||uobi + E 2“''"||uobi < c\\uo\\m- 

km 
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Having a fixed norm ||rio||ji^i on the right hand side, we want to find the best norm on the 
left hand side. As we have seen, we have the estimate with cj = 0 for free. Thus, we want to 
hnd the largest cr > 0 that satisfies. We analyze the function a{a) = min(l,2a) — — e 

for a G [|, 1). Let us recall that the inferior bound comes from Proposition 14.91 

applied to r = 2 > |. As a {a) increases for a < ^ and decreases for a < we obtain that 
the function a{a) takes its maximal value for a = ^ and it equals 1 — ^ — e. □ 

We are now ready to deduce the result of Theorem II.IL 

Proof, of Theorem, I /. /I From the elliptic regularity of Aq (as in estimate (jSSl) we know 
1(1 — A)2uo\\lq ~ 1(1 — AG) 2 no||L<j. Using the complex interpolation method we obtain it 
for fractional powers ^ for 0 < a < 1. Consequently, 

1(1 — A)2^^ ~ 1(1 — Ag) 2^^ 2p 

This can also be read as follows: for all uq ^ W 2 p ’■< there exists f ^ such that 
uq = (1 —Ag) 2 ^^ 2 ^ J. "We introduce it into estimate (I48jl and using that commutes 
with (1 — -we obtain 


□ 


In order to control the nonlinear term in the proof of the local existence (see Theorem 
12.11) we have assumed and used the L'p{L°°) norm estimate of the flow fcorollary 11.81) . We 
deduce it from estimate (Il8)) using the Sobolev imbeddings. Those state that for a, q and d 
such that erg > d we have ^ L°°{M). We want to find in which dimension we can 

deduce the control of the LP{L°°) norm. We combine the admissibility condition ^ f ~ 

(p, g, d) / (2, oo, 2) with the Sobolev condition for a = 1 — ^ — e. This yields the condition 


3 d 2 

-e >-. 

2p 2 p 


(49) 


Consequently, d < 2 and this proves corollary 11.31 For d = 3 the Strichartz inequality m 
does not give us control of the U’[L°°) norm. 

To our knowledge, in the case of domains of a local existence result in for instance 
for a cubic nonlinearity {(3 = 2), remains an open problem. 
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